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1. Introduction 



A characteristic feature of the electroweak interactions is that the left- and right- 
handed components of the fermion fields do not couple to the gauge fields in the same 
way. The term chiral gauge theory is reserved for field theories of this type, while 
all other gauge theories (such as QCD) are referred to as vector-like, since the gauge 
fields only couple to vector currents in this case. At first sight the difference appears 
to be mathematically insignificant, but it turns out that in many respects chiral 
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Fig. 1. Feynman diagram contributing to the muon decay at two- loop order of the 
electroweak interactions. The triangular subdiagram in this example is potentially 
anomalous and must be treated with care to ensure that gauge invariance is preserved. 

gauge theories are much more complicated. Their definition beyond the classical 
level, for example, is already highly non-trivial and it is in general extremely difficult 
to obtain any solid information about their non-perturbative properties. 

1.1 Anomalies 

Most of the peculiarities in chiral gauge theories are related to the fact that the 
gauge symmetry tends to be violated by quantum effects. Whether such anomalies 
occur or not depends on the gauge group and the fermion multiplet. If they do, 
the theory probably ceases to be meaningful, since the gauge degrees of freedom are 
then no longer guaranteed to decouple from the physical modes and unitarity in the 
physical sector will consequently be lost. 

In perturbation theory anomalies can arise from fermion loops with three or more 
external legs such as the triangle subdiagram in fig. 1. The origin of these anoma- 
lies and their topological significance have been completely clarified in the eighties 
(see refs. [1,2] for comprehensive reviews). Moreover the rigorous work on algebraic 
renormalization [3-5] showed that there arc no further gauge anomalies in perturba- 
tion theory, i.e. the gauge symmetry can be preserved to all orders of the expansion 
if the non-invariant terms cancel at one-loop order. 

Additional constraints on the gauge group and the fermion multiplet may have 
to be imposed to ensure the consistency of the theory also at the non-perturbative 
level. The SU(2) gauge theory with a single left-handed fermion in the fundamental 
representation, for example, has no anomaly in perturbation theory, but there is a 
non-perturbative global anomaly that ruins the theory [6-8]. While this may be a 
rather special case, the remark shows how delicate chiral gauge theories are and that 
there can be unexpected complications beyond perturbation theory. 
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1.2 Fundamental issues in chiral gauge theories 

In the electroweak theory the perturbative anomahes cancel and the perturbation 
expansion is thus well-defined and consistent to all orders of the gauge couplings. It 
is, however, hard to overlook the fact that the electroweak theory and chiral gauge 
theories in general appear to be rather artificial at the quantum level. Whether 
there is a deeper reason for this is unclear, but a possible explanation could be that 
chiral gauge theories are merely low-energy effective descriptions of another structure 
whose mathematical consistency does not depend on accidental cancellations. In 
such a framework it is conceivable that only the anomaly-free fermion multiplets 
can decouple from the high-energy degrees of freedom and the electroweak theory 
would then look a lot more natural than is the case at present. 

A second (but not totally unrelated) question is whether chiral gauge theories can 
be regularized without giving up gauge invariance or other vital properties such as 
the locality of the theory. In a purely technical sense, such a regularization would 
provide an example of a well-defined structure that reduces to the desired chiral 
gauge theory at low energies (i.e. below the cutoff scale). It might also be of some 
practical importance, since in the absence of a gauge-invariant regularization many 
non-invariant counterterms must be included in the lagrangian to restore the gauge 
symmetry after renormalization and removal of the cutoff [3-5,9-15]. As a result the 
proof of the renormalizability of the theory and the computation of higher-order ra- 
diative corrections are far more complicated than in vector- like theories (see ref. [16], 
for example, and references quoted there). 

Beyond perturbation theory, chiral gauge theories are still a largely uncharted 
territory, and their formulation at this level is in fact already a difficult task. Vector- 
like gauge theories are more accessible in this respect, because contrary to chiral 
theories they can easily be put on the lattice, and numerical simulations then provide 
a powerful tool to determine their properties. Other approaches, such as the semi- 
classical approximation, are helpful in studying certain non-perturbative effects but 
cannot provide a mathematically solid definition of the theory beyond their range 
of applicability. 

1.3 Scope of the lectures 

Over the last few years significant progress has been made in all areas mentioned 
above [17-38]. It is now possible, for example, to put anomaly-free chiral gauge the- 
ories on the lattice, to all orders of perturbation theory, so that the gauge symmetry 
is exactly preserved and without having to compromise in any other way [36,37]. 
Some of these advances grew out of seemingly unrelated lines of research, but most 
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of them build on earlier work on chiral gauge theories, such as the descent equations 
[39-43] and the observation that massive Dirac fermions in 4+1 dimensions reduce 
to chiral fermions in 4 dimensions under certain conditions [44-56]. 

The aim in these lectures is to describe in simple terms some of the key elements 
of these developments. Since the lectures are intended for non-experts, we shall start 
with a brief exposition of what everybody should know about chiral gauge theories 
and the gauge anomaly in perturbation theory. The regularization problem is then 
described in more detail and a mini-introduction to lattice gauge theory is included 
to set up basic notations. Some familiarity with this subject is surely helpful but 
will not be required. 

In the central part of the lectures we first discuss how to obtain chiral fermions in 
4 dimensions from Dirac fermions in 4+1 dimensions. This provides an example of a 
natural mechanism for chiral fermions to arise, and in a few lines it also leads us to 
the now famous Ginsparg- Wilson relation [57]. Very briefly this identity represents a 
new form of chiral symmetry that can coexist with a momentum cutoff. In particular, 
on a space-time lattice it can be taken as the starting point for a general construction 
of chiral lattice gauge theories, which is the last and most advanced topic that will 
be addressed in these lectures. 

Chiral gauge theories are an old subject, and it is clearly impossible to do justice 
to all the important contributions that have been made. An excellent introduction 
to much of the earlier work is provided by the books of Bcrtlmann on anomalies [2] 
and of Piguet and Sorella on algebraic renormalization [5] . As far as the development 
of chiral lattice gauge theories goes, probably the best source of information are the 
reviews at the yearly lattice conferences [58-61]. Many more references can be found 
there and also a description of some of the alternative approaches to the problem. 
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2. Chiral gauge theories &; the gauge anomaly 



2.1 Classical theory 

To avoid inessential complications, and since this is common practice in the more 
mathematical literature on the subject, the theory will be set up in euclidean space. 
The conventions for the Dirac matrices are 

{lu.,lv} = 2S^^, (7^)^ = 7^, 75 = 70717273, (2.1) 

and repeated indices are summed over unless stated otherwise. 

For simplicity, we shall consider chiral gauge theories with left-handed fermions 
only and no Higgs fields. If we define the chiral projectors P± = |(1 it 75), the 
fermion and antifermion fields thus satisfy the constraints 

P-i^ix) = i;{x), ^ix)P+ = lp{x). (2.2) 

Under gauge transformations A{x), they transform according to 

ip{x) R[A{x)]^/;{x), lf{x) i^{x)R[A{x)]-\ (2.3) 

where R is some unitary representation of the gauge group G. The associated gauge- 
covariant derivatives 



D^ = d^ + A;{x)R{T^) (2.4) 

involve the group generators in the representation R and the components ^^(a;) of 
the gauge field. The notations here are such that the latter are real, while the group 
generators are taken to be anti-hermitian. 

With these definitions the euclidean action of the theory assumes the form 

S[AV^,V'] = / d^a;|^F;,(a;)F;,(x)+^(x)7^L>^V(a^)}, (2-5) 

where F^^{x) denotes the gauge field tensor and the gauge coupling. Although 
we agreed to consider only left-handed fermions, it is now easy to check that charge 
conjugation maps left- to right-handed fermions in the complex conjugate represen- 
tation of the gauge group. So if we set 

R = Rleft ffi (-Rright)* , (2-6) 
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the theory defined above is in fact equivalent to one with both left- and right- 
handed fermions that transform according to the representations i?ieft and -Rright 
respectively. 

2.2 Gauge anomaly 

Prom the action (2.5) the Feynman rules can be deduced in the usual way. Gauge- 
fixing is required for this but does not need to be made explicit here, since we shall 
only consider diagrams without internal gauge field lines. Compared to QCD with 
massless quarks, an important difference is that the fermion propagator 

(V'(^)?(y)).o=o = / (2-7) 

involves a chiral projector. Apart from this and the fact that the fermion-gauge- 
field vertices are proportional to R{T"-) instead of the group generator in the quark 
representation, the Feynman rules are precisely the same. 

We now consider the set of fermion one-loop diagrams with n amputated external 
gauge field lines (sec fig. 2). In momentum space the external lines carry in-going 
momenta pi, . . . ,pn, Lorentz indices ^i, . . . , /x„ and gauge group indices ai, . . . , a„. 
The sum of these diagrams is thus some function V^'^\pi, . . . ,Pn) with these many 
indices. It is not difficult to prove that the associated effective action 



xv<»>(p„ . . .,?.)?,::,;"„ • • • K'Jpn) (2.8) 

(in which the gauge field plays the role of a classical source field) is given by the 
functional integral 

e-Se«[A] ^ J D[V.]ieftD[V^]ieft exp |- y d^x V^(x)7^Z)^V(a;)} (2-9) 

over the space of all left-handed fermion and antifermion fields. Indeed, by expanding 
the integrand on the right-hand side of this equation in powers of the gauge potential, 
and applying Wick's rule to evaluate the gaussian integral, all products of fermion 
one-loop diagrams are generated with the proper statistical factors to match the 
expansion of the left-hand side. 
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Fig. 2. The vertices . . . ,Pn) are equal to the sum of all (n — 1)! fermion 

one-loop diagrams with n amputated external gauge field lines. 

Since all entries in the functional integral respect the gauge symmetry, it seems 
obvious that the effective action must be a gauge-invariant expression in the gauge 
potential. However, the fermion one-loop diagrams with less than 5 external lines 
are ultra-violet-divergent and thus only incompletely defined. Now it can happen 
that any consistent way to make the diagrams finite necessarily breaks the gauge 
symmetry of the effective action. In this case we say that there is an anomaly. 

The traditional way to cope with ultra-violet divergences is to introduce a regula- 
rization and to subtract the divergent terms from the diagrams according to some 
renormalization scheme. Different regularization and subtraction prescriptions may 
give different results, but power counting implies that the difference must be a poly- 
nomial in the external momenta of a certain degree. This amounts to adding a local 
term 

ASes[A] = J d^xn{x) (2.10) 

to the effective action, where is a polynomial in the gauge potential ^^(x) and 
its derivatives of dimension 4 or less. In other words, the effective action in any 
scheme is the sum of the result obtained with a particular prescription plus such a 
local term. 

At this point an explicit calculation is required to determine the effective action 
and its gauge transformation properties. The diagrams may be worked out using a 
Pauli-Villars cutoff, for example, which is defined by substituting 

p2 ~^ p2 p2 _|_ ^2 (2-11) 

in the fermion propagator (2.7) and taking the cutoff mass A to infinity. A more 
elegant computation starts from the observation that the functional integral (2.9) is 
proportional to the determinant of the Dirac operator D = ^^0^. The first-order 
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variation of the effective action with respect to the gauge field is thus given by f 



SS, 



eff 



/oo 
dtTi{5DDh-*^^^ P+}. (2.12) 



For e > the integral on the right-hand side of this equation is finite and provides a 
regularization of SS^s. Differential geometric methods (the heat kernel expansion) 
may then be applied to study the limit e ^ and to determine the finite part of the 
effective action in this scheme [62]. 

Once this is achieved, we may ask whether the now well-defined effective action 
is invariant under gauge variations 

SA^ix) = d.uj'^ix) + /''''^4(x)a;^(x) (2.13) 

of the gauge potential (where u°'{x) denotes an infinitesimal gauge transformation 
and /"''^ the structure constants of the gauge group). As it turns out, the effective 
action is not invariant in general, but its transformation behaviour can be worked 
out explicitly and is given by 

+ J d^xdn{x), (2.14) 

d^^^ = 2ztr{i?(r")i?(r^)i?(r^) + {b^c)} (2.15) 

(see ref. [62], for example). Following our discussion above, the variation of an ar- 
bitrary local term has been included on the right-hand side of eq. (2.14), and the 
formula thus holds for any regularization and subtraction scheme. 

The algebraic structure of the two terms in cq. (2.14) is such that they cannot 
cancel each other. Unless d^'"^ vanishes identically, gauge invariance is hence violated 
at one-loop order of perturbation theory. The unphysical longitudinal components 
of the gauge field must then be expected to couple to the fermions in higher-loop 
diagrams such as the one shown in fig. 1. As a consequence unitarity in the physical 
sector is lost and the theory becomes unusable. 



I Here and below the symbol "TV" denotes a trace in field space, while the lower case "tr" implies 
a trace over Dirac, colour or flavour indices (depending on the context). 
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2. 3 Anomaly-free fermion representations 

The second term in eq. (2.14) can always be cancelled by adding a local counterterm 
to the gauge-field action, and if d^'^ happens to be equal to zero, the anomaly disap- 
pears and the gauge symmetry is preserved. Fermion representations with vanishing 
d-symbol arc thus referred to as anomaly-free. In a U(l) theory, for example, there 
is only one generator, and up to unitary transformations all representations are of 
the form 

N 

i?(ri) = zxdiag(ei,...,ejv), 4^^=4^e3, (2.16) 

= 1 

where N denotes the number of fermions and e„ their charges. The anomaly-free 
representations are then precisely those where the sum of the cubes of the charges 
vanishes. 

Whether a given representation R is anomaly-free or not can often be quickly de- 
cided. First note that d'j^'^ is real, since the symmetrized product of the generators 
in the trace (2.15) is anti-hermitian. Real and pseudo-real representations are hence 
always anomaly-free. In particular, chiral theories with gauge group SU(2) are safe 
from anomalies, because SU(2) has only such representations. 

The groups SU(n) with n > 3, on the other hand, have complex representations 
and at least some of them are not anomaly-free. For any representation R of these 
groups, we have d'j^^ = cud""^^ where d""^^ denotes the d-symbol in the fundamental 
representation. The representation is thus anomaly-free if and only if 

Cfl = tr{i2(T)3}/tr{T3}, T = z x diag(l, . . . , 1, 1 - n), (2.17) 

vanishes. In the standard SU(5) grand unified theory [63], for example, the fermions 
transform according to the representation 5* 10, which has Cr = C5* -|- cio = 0. 

At the level of the Lie algebra, a general compact Lie group decomposes into a 
product of U(l) factors and simple groups. Anomaly-free representations R of such a 
group must obviously reduce to anomaly-free representations of all its factors. Going 
through Cartan's list of the simple Lie algebras, the only ones that admit totally 
symmetric invariant tensors of rank 3 are those associated with SU(n), n > 3 [64]. 
The representations of all other simple groups are thus anomaly-free, i.e. only the 
factors with the Lie algebra of SU(n) and the abelian factors need to be checked. 

Even if the representation is anomaly- free when reduced to any one of the factors of 
the group, mixed anomalies can still be present, where some components of d'^'^ with 
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indices belonging to different factors do not vanish. In particular, the components 



need not be equal to zero and there can also be mixed anomalies between different 
U(l) factors (but not between different simple factors). 



3. The regularization problem 

Vector-like theories can be regularized without breaking the gauge symmetry, using 
dimensional regularization, for example, or by putting them on a lattice. It is clear 
from the beginning that the situation in the chiral case has to be more complicated, 
because gauge-invariant regularizations surely can only exist if the fermion multiplet 
is anomaly-free. In particular, any consistent regularization that preserves the gauge 
symmetry must refer to the fermion representation R. 

This simple observation alone implies that none of the widely used regularization 
schemes can be expected to provide a solution of the problem. The difficulty shows 
up in various ways, but the no-go theorem was always confirmed and at some point 
the conclusion was drawn that chiral gauge theories cannot be regularized without 
breaking the gauge symmetry. In the anomaly-free case, the best one can hope for 
is then that the symmetry will be restored after renormalization and removal of the 
regularization [3-5,9-15]. 

Although a straightforward application of the standard methods does not lead to 
a gauge-invariant regularization of chiral theories, it is instructive to have a closer 
look at some of them and to determine what exactly goes wrong. A significant part 
of the present section is devoted to the lattice regularization, which is a particularly 
well studied case in this respect. 

3.1 Naive dimensional regularization 

Probably the most economical regularization method that we know of is dimensional 
regularization [65]. To be able to apply it to chiral gauge theories, the Dirac algebra 
has to be extended to d dimensions and an unambiguous definition of 75 must be 
supplied. The so-called naive dimensional regularization scheme is characterized by 




(2.18) 



simple factor U(l) factor 





(3.1) 
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d. 



tr{l} = 4, 



(3.2) 



plus the usual integration rules in d dimensions. This scheme is known to be alge- 
braically consistent (any Feynman diagram with non-exceptional external momenta 
is assigned a well-defined meromorphic function of d) and it also preserves the gauge 
symmetry of the theory. 

The prescription nevertheless fails to provide an acceptable rcgularization of chi- 
ral gauge theories, because the rules (3.1), (3. 2) together with the requirement of 
analyticity in d imply 



for all n. It is not difficult to establish this result (appendix A). To fully understand 
its significance, let us again consider the effective action that we discussed in the 
previous section. 

Fermion one-loop diagrams with n external gauge field lines are proportional to 
the trace of a product of 2n Dirac matrices and n chiral projectors. Since 75 anti- 
commutes with the Dirac matrices, the latter can be combined to a single projector 
and the trace then assumes the form tr{P_|_7^^ . . -Jn^n}- Equation (3.3) says that 
naive dimensional rcgularization sets the parity-odd part of the trace to zero. The 
anomaly is thus avoided, but at the same time we know that the answer is incorrect, 
because a direct evaluation of the trace in four dimensions (using ordinary Dirac 
matrices) yields a sum of parity-odd terms proportional to en^pc^ if n > 2. 

3.2 Regularization with higher- derivative term,s 

In general the inclusion of higher-derivative terms in the action has a regularizing 
effect, because the extra derivatives lead to propagators that decrease more rapidly 
at large momenta [66-69]. The transverse part of the gauge field propagator, for 
example, decays like (p^)~^ at momenta p much greater than A if the term 



is added to the action. The mass A then plays the role of an ultra-violet cutoff that 
is to be sent to infinity at the end of the calculation. 

In this strictly four-dimensional approach, the definition of the Dirac matrices is 
not an issue, but the question of whether the gauge symmetry can be preserved 
needs to be carefully discussed (even in the pure gauge theory). First note that 
higher-derivative terms have to be included to suppress the propagators of the ghost 



(3.3) 




(3.4) 
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fields and the longitudinal components of the gauge field at large momenta after 
fixing the gauge. This can be done so that the total gauge-fixed action is invariant 
under the Becchi-Rouet-Stora (BRS) transformation [3-5], and the gauge symmetry 
is then guaranteed to be preserved at the level of the physical amplitudes. 

Power-counting now shows, however, that no matter which higher-derivative terms 
are added, some one-loop diagrams always remain unregularized, because terms like 
(3.4) not only modify the propagators but also give rise to additional vertices. These 
vertices are required to ensure the gauge invariance of the regularized theory, and 
while they are suppressed by inverse powers of the cutoff A, their insertion increases 
the degree of divergence of the diagrams. As a result some of these diagrams have 
positive degree. 

Further regularization prescriptions are thus needed to make all diagrams finite. 
In refs. [66-69], for example, it has been proposed to include a set of Pauli-Villars 
ghost fields with properly chosen couplings to the gauge field. Such hybrid regula- 
rizations are delicate, and it is not easy to prove the correctness of the procedure. 
Some of these schemes are in fact known to yield wrong results [70,71], while others 
require intermediate dimensional regularization [72] or include non-local terms in the 
action [73]. Adding higher-derivative terms is, therefore, still not a very transparent 
regularization method, not even in vector-like theories (see, however, ref. [74]). 

3.3 Lattice gauge theory 

The lattice formulation of quantum field theories provides a good starting point for 
non-perturbative studies, and this is no doubt the principal reason why lattice field 
theory continues to be a popular research topic for now more than 25 years. In the 
present context we are interested in perturbation theory, where the lattice makes all 
diagrams manifestly finite. 

Lattice field theories are usually set up on a hypercubic lattice with spacing a (see 
fig. 3). A fermion field il}{x), for example, is then simply an assignment of a Dirac 
spinor to each lattice point 

X = a{no,ni,n2,n3) , G Z. (3.5) 

The Fourier representation of any such field, 



involves an integration over momenta in a bounded region only (the Brillouin zone), 
and lattice field theories thus have a built-in momentum cutoff of order 1/a. 




(3.6) 



12 



x+afji 



Fig. 3. In lattice gauge theory the fermion fields tjj{x) reside on the points a; of a 

regular hypercubic lattice with spacing a and the gauge field variables U{x, fi) on the 
directed links {x,x + afi) of the lattice (expanded view on the right). 

On the lattice the forward and backward difference operators 



d^^Pix) = {i;{x + oA) - Hx)}/a, (3.7) 
d^ip{x) = {V'(x) - ip{x - afj)}/a, (3.8) 

(where jl denotes the unit vector in direction /i) can be taken as substitutes for the 
partial differential operators in the continuum theory. It is useful to introduce them 
both, because 5^ is equal to minus the adjoint of and vice versa. The lattice 
laplacian, for example, can then be compactly written as d^d^. 

Lattice Dirac operators that reduce to the continuum Dirac operator in the limit 
a ^ are now also easily constructed. Partly because of its simplicity, the expression 
proposed by Wilson in 1974 [75], 

= I {j^{d* + d^) - ad*d^} , (3.9) 

is still widely used today, but there arc many other acceptable lattice Dirac operators 
that all lead to the same continuum limit (the significance of the second term in the 
definition of -D^ will be clarified in the next subsection). 

In the continuum theory, gauge-covariant differentiation requires the introduction 
of gauge potentials with the appropriate transformation behaviour. Lattice gauge 
fields serve exactly the same purpose, except that here we are dealing with difference 
instead of differential operators. Explicitly, if we assume that the gauge group acts 
on lattice fermion fields in the obvious way [eq. (2.3)], and if U{x, jj) is a lattice field 
with values in the gauge group, which transforms according to 

U{x, ii) A{x)U{x, ii)A{x + afi)-^, (3.10) 
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it is trivial to check that the difference operators 



V^,^P{x) = {R[U {x, n)]^{x + ajl) - i^{x)}/a, 



(3.11) 



V^ipix) = {ip{x) - R[U (x - afi, ^)] ^ip{x - afi)}/a, 



(3.12) 



are gauge-covariant (cf. fig. 3). On the lattice, gauge fields are thus represented by 
group-valued fields U{x,fj,) rather than vector fields with values in the Lie algebra of 
the gauge group. This seems a bit strange at first sight, but should not be given too 
much weight, because the difference is mainly a matter of notation. In perturbation 
theory, for example, the parametrization 



is usually employed, which leads again to a description in terms of a gauge potential 
^^(.x). The covariant difference operators and arc then also easily seen to 
converge to the covariant differential operator in the limit a ^ 0. 
It is now obvious that the lattice fermion action 



preserves the gauge symmetry if the ordinary difference operators in the definition 
(3.9) of the Wilson-Dirac operator are replaced by covariant ones. Invariant gauge 
field actions are also not difficult to construct [75-77] and the bottom line is then 
that vector-like theories such as QCD can be put on the lattice without breaking 
the gauge symmetry or running into any other fundamental difficulty. The lattice 
formulation of these theories has in fact long been shown to provide a completely 
consistent regularization to all orders of perturbation theory. In particular, gauge- 
fixing is a rigorous procedure in this framework, and the existence of the continuum 
limit has been established using the Reisz power-counting theorem and the BRS 
symmetry [78-80]. 

3.4 The Nielsen-Ninomiya no-go theorem 

At this point it seems that chiral lattice gauge theories can be obtained simply by 
imposing the constraints (2.2) on the fermion and antifermion fields. To understand 
why this is not so, it suffices to consider the free fermion theory. First note that 



U{x, n) = e^p{aA^^{x)T''} = 1 + aA''^{x)T'' + ... 



(3.13) 




(3.14) 



X 



(3.15) 
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= (l/a)sin(ap^), = (2/a) sin(ap^/2), (3.16) 

for any four- momentum p and Dirac spinor u. The fermion propagator (which co- 
incides with the Green function of the Wilson-Dirac operator) is thus given by 

In particular, the propagator has no singularities in momentum space other than 
the expected one-particle pole at p = 0. 

Now if we impose the chiral constraints (2.2), the part of the Wilson-Dirac opera- 
tor that survives in the fermion action (3.14) is 

P+D^P- = \P+l^{d* + d^). (3.18) 

In momentum space the denominator of the chiral propagator is hence equal to fP' 
and not p^ + \ oP{p^ Y ™ Dirac case. As a consequence there are now poles at 
all momenta with components p^ € {0,±7r/a}, and these poles effectively describe 
separate fermion species. If the fermion field is coupled to an external gauge field, 
for example, the effective action turns out to coincide, in the continuum limit, with 
the result expected for a theory with these many fermion flavours. 

The fermion doubling problem (as it is called in the literature) is not specific to 
any particular lattice formulation. The Nielsen-Ninomiya no-go theorem [81,82] in 
fact asserts that the chiral projection with the projectors P± always leads to un- 
physical poles in the fermion propagator if the chosen lattice Dirac operator is local. 
Having more fermions than intended or giving up the locality of the theory is clearly 
unacceptable. There were many attempts to circumvent this difficulty, but it is only 
in the last two years that a solution has finally been found. A particularly appealing 
approach to this solution starts from fermions in 4-1-1 dimensions, which is the topic 
of the next section. 

Appendix A. Proof of eq. (3.3) 

After inserting the identity ^^^^ = d and cycling one of the factors 7^ around the 
trace, using the anticommutation rules (3.1), an equation of the form 

{d - In) tr{757^, . . . 7^, J + . . . = (A.l) 

is obtained, where the ellipses stand for a sum of traces with 2n — 2 Dirac matrices. In 
particular, for n = the algebra yields (itr{75} = and thus tr{75} = 0. Equation 
(3.3) now follows from eq. (A.l) by induction over n. 
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Note that we cannot escape the argument by assigning a non-zero value to the 
traces at d = 2n only, because in a dimensional regularization scheme the Feynman 
integrals must be analytic functions of d and such singular solutions of the recursion 
(A.l) are hence not acceptable. 



4. Weyl fermions from 4+1 dimensions 

The descent equations [39-43] were probably the first instance where a connection 
between chiral fermions and field theories in higher dimensions was made. At the 
time this seemed to be a purely algebraic observation, relating the Chern character 
in six dimensions via the Chern-Simons density in five dimensions to the gauge 
anomaly. The relationship in fact goes far beyond the formal level [44-56] , and while 
the discussion in the present section is rather limited in scope, it can be regarded as 
a first step in this direction. 

4-1 Domain wall fermions 

Since the fifth dimension is going to play a special role, we do not employ a covariant 
notation, i.e. the extra coordinate will be denoted by s and Lorentz indices . . 
label the four physical directions as before. In the presence of a scalar background 
field ^(s), the Dirac operator in 4+1 dimensions is then given by 



The question of where the background field comes from will not concern us here, 
and we shall simply assume that it has the shape of a step function of height M and 
width 1/M (see fig. 4). Such a background field defines a domain wall separating 
the half-spaces s < and s > from each other. 

We now show that the domain wall affects the physical properties of the fermions 
in an interesting way [44,45]. Fermion fields in 4+1 dimensions with energy E and 
momentum p in 4 dimensions are of the form 



(recall that we are using a euclidean metric, where the energy components of phy- 
sical four-momenta are purely imaginary). The Dirac equation D^x{^^^) — then 



(4.1) 



X(x,s) = e'P^u(s), 



(4.2) 
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(i>(s) 




Fig. 4. Qualitative shape of the background field The prototype of such a 

function is (pi^) = Mtanh(Ms), but its analytic form will not be needed here. 

becomes 

{Ts^s - (p{s)}u{s) = -i-i^p,_,u{s), (4.3) 

and after multiplication from the left with —i^nPn, this leads to the equation 

{-9,2 + V{s)}u{s) = m'^u{s), (4.4) 

V{s) = j5ds(l>{s) + <l>{sf, m'' = E^-p\ (4.5) 

The possible fermion masses m are thus determined by the eigenvalues of a certain 
differential operator. In other words, from the point of view of the four-dimensional 
world, the presence of the extra dimension results in a tower of fermions with these 
masses. 

The operator on the left-hand side of cq. (4.4) commutes with 75 and its eigen- 
functions may hence be assumed to have definite chirality. We now distinguish three 

cases. 

(a) Continuous spectrum. Independently of the chirality, the asymptotic value of 
the potential V(s) at large |s| is equal to M^, and the spectrum of the operator thus 
includes the half- line > (see fig. 5). 

(b) Discrete spectrum. Eigenfunctions with eigenvalues below decay exponen- 
tially and this part of the mass spectrum is thus purely discrete. Negative eigenvalues 
(tachyons) are excluded, since 

+ y^^^ ^ + ^(^^|t {_^^9^ + (4.6) 
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V(s) 



Y5=+l 













Fig. 5. For negative chirality, the potential V{s) has a well at s = in which the 
massless mode is trapped. The right-handed modes, on the other hand, are always 
heavy independently of whether they are bound to the domain wall or not. 

is a non-negative operator. Moreover, all non-zero mass values m must be of order 
M, since there is no other characteristic scale around. 

(c) Massless modes. In this case the Dirac equation reduces to 

{-75^. + <l>is)}uis) = 0, ^^.p^.u{s) = 0, (4.7) 
from which we infer that 

u{s) = exp I ± ^ dt (t){t) I V, j^p^ v = 0, P±v = v. (4.8) 

While the positive chirality solution grows exponentially at large |s|, the left-handed 
mode is normalizable and = thus belongs to the discrete mass spectrum. 

To sum up we have found that all fermion modes, except for one, have mass m of 
order M or larger. The massless mode is left-handed and its wave function [which is 
given by eqs. (4. 2), (4. 8)] falls off exponentially in the extra dimension. At energies 
E far below M, the theory thus describes a single left-handed chiral fermion that 
propagates along the domain wall. Effectively a dimensional reduction from 4+1 to 
4 dimensions is taking place, since it requires an energy proportional to M or larger 
to excite the higher fermion modes [44,45]. 

4-2 Fermion propagator 

An attractive feature of this mechanism is its stability against various changes of the 
set-up. In particular, the precise form of the shape function (f){s) is irrelevant, and 
we may in fact replace the domain wall through a boundary with Dirichlet boundary 



18 



conditions. The fermion propagator can then be worked out exphcitly and provides 

further insight into what dimensional reduction means in the present context. 
So let us consider Dirac fields x(a;, s) in the half-space s > that satisfy 

P+X(x, 5)1,^0 = 0. (4.9) 

In this formulation a background field is no longer required, and for the Dirac opera- 
tor we can simply take 

Dz = Di + j^ds - M, L»4 = 7^5^ • (4.10) 

The spectrum of fermion masses is then as before, with a left-handed Weyl fermion 
that moves along the boundary at s = 0. 

In 4-1-1 dimensions the fermion propagator is defined by 

D5G{x,s;y,t)l^t^o = 6{x-y)6{s-t), P+G{x, s;y,t)l^^, = 0. (4.11) 

Since D4 does not depend on the extra coordinate, it is straightforward to solve 
these equations (appendix). In particular, ioi x ^ y the result 

G(x,s;y,i)L=t=o = 2M X P_S{x,y)P+ (4.12) 
is obtained, where S{x,y) denotes the Green function of the operator 

D = M + {D4-M)[l-{D4/Mf]~^^'^ (4.13) 

(that acts on Dirac fields in four dimensions). The inverse square root in this formula 
is defined in the obvious way, taking into account the fact that the operator in square 
brackets is hermitian and bounded from below by 1. 

The propagator (4.12) describes the fermion propagation along the boundary of 
the five-dimensional world and should refiect the presence of the massless mode. 
This is indeed the case, since at four-momenta far below M, the operator D is given 

by 

i.e. it coincides with the four-dimensional Dirac operator up to terms of order 1 /M. 
In particular, the right-hand side of eq. (4.12) is equal to the propagator of a free 
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left-handed fermion in this kinematical regime. The reduction from Dirac fermions 
in five dimensions to Weyl fermions in four dimensions thus also works out at the 
level of the underlying field theory. 

Appendix B. Analytic formula for G{x, s; y, t) 

To simplify the notation, we interpret the propagator at fixed s and t as an operator 
Q{s,t) that acts on Dirac fields ^(x) in four dimensions according to 

g{s,t)i;{x) = Jd''yG{x,s;y,t)^{y). (B.l) 

In operator form, the equations that need to be solved are 



D5g{s,t)l^,^^ = S{s-t), P+G{s,t)\^^^ = 0, (B.2) 
and this can be done elegantly in terms of the hermitian operators 

Q = 75(M-D4), P± = i{l±g[Q2]-i/2|_ ^B_3) 



The latter are just the projectors to the subspaces of eigenvectors of Q with positive 
and negative eigenvalues. Note that the definition of these subspaces is unambiguous, 
since all eigenvalues of Q have absolute magnitude greater than or equal to M. 
The claim is now that the operator 

g{s, t) = |e(^-*)^ [e{s - t)P- - e{t - s)P+\ + e'^^P. ^P+e-*« I 75 (B.4) 

has all the required properties. One of these is that the expression should go to zero 
if |s — t| becomes large, which is the case since the exponentials are multiplied with 
the appropriate product of step functions and projectors P±. Using = '^^{dg — Q), 
it is also trivial to show that the Dirac equation holds. Finally, starting from the 
definitions (4.13) and (4.17), the identity 

2MP+P_ = P+D (B.5) 



may be deduced, and this immediately implies that the operator (B.4) satisfies the 
boundary condition. 
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5. The Ginsparg-Wilson relation 



5.1 Kaplan's observation 

As already mentioned, the occurrence of a massless fermion mode in the presence 
of a domain wall is a generic effect. In 1992 Kaplan noted that the massless mode 
persists even if the five-dimcnsional space is replaced by a lattice [46] . It is natural 
to set M = 1/a in this context (where a denotes the lattice spacing), and the masses 
of the heavy modes are then of the order of the momentum cutoff or larger. 

An inaccurate but often quoted form of the Nielsen-Ninomiya theorem states that 
it is not possible to have a single Weyl fermion on a four-dimensional lattice. This 
was, however, precisely what Kaplan obtained. In particular, he showed that there 
was no doubling of fermion species in four dimensions if the Wilson-Dirac operator 
was used in five dimensions (cf. subsect. 3.3). 

The resolution of this puzzle basically is that chiral symmetry can be realized in 
different ways. To make this a bit more concrete, let us go back to the continuum 
theory studied in the previous section. As explained there, the fermion propagator 
(4.12) along the domain wall coincides with the left-handed components of the Green 
function of a modified Dirac operator D [eq. (4.13)]. Now the surprise is that D 
does not anticommute with 75 and instead satisfies the equation 



This relation first appeared in 1982 in a paper of Ginsparg and Wilson [57] on a 
completely different topic (the block-spin renormalization group in lattice QCD). At 
the time it was considered to represent some sort of remnant chiral symmetry, but 
there is in fact much more behind this remarkable identity. 

5. 2 Significance of the Ginsparg- Wilson relation 

In the following paragraphs we only use the Ginsparg-Wilson relation (5.1) and the 
hermiticity property = j^Dj^. Although we are in the continuum theory here, 
the results that we shall obtain arc of a very general nature and can easily be carried 
over to the lattice (as we shall see later in this section). 

(a) Propagator. In terms of the Green function S{x,y) of D, the Ginsparg-Wilson 
relation assumes the form 



J5D + D75 = ^D-i^D. 



(5.1) 



(5.2) 
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The propagator is hence chirally invariant at all non-zero distances. In particular, 
the residue of the particle pole in momentum space anticommutes with 75 and we 
can say, therefore, that the Ginsparg-Wilson relation implies chiral invariance on 
the mass shell. 

(b) Off-shell chiral symmetry. If we define the fermion action as usual, 

Sp[i;,'4j]= J d'^xlp{x)Di;{x), (5.3) 

it is trivial to check that the infinitesimal transformation 

ip^ip + ej5{l-D/M)ij, (5.4) 

tp ^ ip + eV'Ts, (5.5) 

leaves the action invariant to first order in e [20]. At momenta far below M, this 
transformation reduces to an ordinary chiral rotation, and it can hence be regarded 

as an unusual but exact realization of chiral symmetry. Note incidentally that the 
fermion and antifermion fields can be transformed independently of each other in 
euclidean space. Eventually they are both integrated over in the functional integral, 
and the transformation (5.4), (5. 5) is then just a substitution of integration variables. 

(c) Weyl fermions. Now that we have an exact chiral symmetry, it is not difficult to 
pass to chiral fermions. First note that the operator 75 = 75(1 — D/M) satisfies 

(75)^=75, (75)' = !, J5D = -D%. (5.6) 

The fermion action thus splits into left- and right-handed parts, if the chiral projec- 
tors for fermion and antifermion fields are defined through [28,29,33] 

P± = i(l±75), P± = i(l±75), (5.7) 

respectively. It may seem strange not to use the same projectors for both fields, 
but in euclidean space this is certainly permissible and probably also unavoidable in 
view of the transformation law (5.4), (5. 5). 

We can now eliminate the right-handed components by imposing the constraints 

= ip, = (5-8) 
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The associated propagator is the inverse of the projected operator P^DP- in the 
subspace of left-handed fields and is thus given by 



P.Six,y)P+ = P.S{x,y)P+ + ^P^5ix-y), (5.9) 

where S{x, y) denotes the Green function of D as before. Up to the contact term and 
an uninteresting normalization factor, this expression coincides with the propagator 
(4.12) of the fcrmion field in 4+1 dimensions along the domain wall. In other words, 
at low energies, domain wall fermions reduce to a chiral theory in four dimensions 
in which the chiral symmetry is realized through the Ginsparg-Wilson relation [49]. 

5. 3 Lattice fermions with exact chiral symmetry 

Domain wall fermions on a five-dimensional lattice can be studied in essentially the 
same way as in the continuum theory. In particular, the domain wall may again 
be replaced by a boundary with Dirichlet boundary conditions. A further technical 
simplification is achieved by taking the lattice spacing in the extra dimension to 
zero while keeping the spacing a in four dimensions fixed. The fermion propagator 
is then obtained as before (subsect. 4.2). If we set 

Dr, = D^ + 755, - M, M = 1/a, (5.10) 

for example, where denotes the Wilson-Dirac operator (3.9), the boundary value 
of the propagator is still given by eq. (4.12), with S{x,y) the Green function of the 
operator [18] 

D = i {l - (1 - aD^) [(1 - aD^)\l - aD^)] . (5.11) 

Up to lattice corrections of order a, this operator coincides with D^, and it may 
hence be regarded as another possible discretization of the continuum Dirac operator. 
Moreover, it satisfies the Ginsparg-Wilson relation, 

J5D + L>75 = aDj^D, (5.12) 

and also the hermiticity condition = 751)75. Prom our discussion in the previous 
subsection, we thus conclude that lattice fermions in four dimensions with lattice 
Dirac operator D preserve chiral symmetry in the form of the infinitesimal trans- 
formation (5. 4), (5. 5). In particular, as explained above, they can be split into left- 
and right-handed components in a consistent way. 
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Although this is not in conflict with the precise statement of the Nielsen-Ninomiya 
theorem, some doubt may remain that wc have indeed managed to avoid the doubling 
problem. The following remarks should make it clear that there is really nothing to 

complain about here. 

(a) Unphysical poles. From the definition (5.11) and eqs. (3. 15), (3. 16) it is straight- 
forward to deduce that D is given by 

^ = ^ {l - [1 - - ia^M [1 + ^,<.m] "'^'} (5-13) 

in momentum space. This expression is analytic in the whole range < n/a of 
lattice momenta. It can also be shown to be invertible at all these momenta except 
at p = where 

^ = Wm + 0(«/)- (5-14) 
In particular, the propagator 1/D has no unphysical poles. 

(b) Locality. In position space the action of D on an arbitrary fermion field ip{x) is 
given by a kernel D{x, y) through 

y 

The kernel is translation-invariant and equal to the Fourier transform of the right- 
hand side of eq. (5.13). Starting from this representation, it is possible to derive a 
bound of the form [21] 

||D(x,y)|| < Ce-ll^-^ll/^ (5.16) 

which shows that D is a local operator with localization range q. From the point 
of view of the continuum limit, this is as good as strict locality, since the range q is 
estimated to be no more than a few lattice spacings. 

(c) Unitarity. As is generally true in a free field theory, all the information about the 

underlying Hilbert space of physical states and the energy-momentum spectrum can 
be retrieved from the propagator S{x,y) (which represents 1/D in position space). 
In particular, negative norm or complex energy states are excluded if and only if the 
propagator admits a Kallen-Lehmann representation 

fOO fir/a i3 

Si^^y)L>yo= dE/ — ^a(£;,p)e-^(-o-yo)+ip(x-y) (517) 
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with non-negative spectral density, viz. 



ua{E, p)u > 0, u = u*^o, (5.18) 

for all Dirac spinors u. The expression (5.13) for the Dirac operator in momentum 
space looks rather complicated and it seems unlikely that S{x,y) has such a rep- 
resentation, but a lengthy exercise in complex contour integration shows this to be 
the case. Unitarity is hence respected for any value of the lattice spacing. 

5.4 Adding gauge fields 

So far our discussion of domain wall fermions and the Ginsparg-Wilson relation has 
been limited to free fermions. Gauge fields may now easily be included, however, by 
replacing the free Dirac operator in four dimensions by the gauge-covariant operator. 
Most of the formulae that we have obtained then remain valid without modification. 
The fcrmion propagator in 4+1 dimensions, for example, is still given by eq. (B.4), 
and the dimensional reduction thus works out as before. 

In the presence of the gauge field, eq. (5.11) defines a gauge-covariant lattice Dirac 
operator that satisfies the Ginsparg-Wilson relation (5.12). Using this operator, we 
can build a version of lattice QCD in which chiral symmetry is preserved. The 
infinitesimal chiral rotations 

V'^ V + eA"75V', ?^? + eV^75A" (5.19) 

may include a flavour matrix A" in this case, and the lattice action 

SF[U,^,tP]=a^^^{x)Dil;{x) (5.20) 

X 

is then invariant under the full chiral flavour group. 

This seems to contradict the fact that the flavour-singlet axial symmetry in QCD 
with Nf masslcss quarks is known to be broken by the axial anomaly. However, 
symmetry transformations in quantum field theory must not only preserve the action 
but also the integration measure in the functional integral. In lattice QCD the fer- 
mion and antifermion integration measures are given by 

B[i;] = ndVa(x), D[V^] = n#a(^), (5.21) 

x,a x,a 
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where a collectively denotes the Dirac, colour and flavour indices of the fields. To 
first order in e, these measures transform according to 



B[^]^[l-eTv{X-%}]D[i;] 



(5.22) 



under the chiral rotations (5.19). 

Since 75 is trivial in flavour space, the jacobian in eq. (5.22) is equal to unity if 
tr{A"} = 0. The flavoured transformations are hence exact symmetries of the theory. 
This is not so in the flavour-singlet case, where [19-27] 



The axial anomaly thus arises in the way suggested long ago by Fujikawa [83]. In 
particular, the symmetry structure in this formulation of lattice QCD is exactly as 
expected. 



6. Gauge-invariant lattice regularization of anomaly-free theories 

Vector-like theories with any gauge group and fermion representation can be put on 
the lattice in the same manner, using the appropriate gauge-covariant version of the 
lattice Dirac operator (5.11). We can then pass to the associated chiral theory simply 
by imposing the constraints (5.8) on the fermion and antifermion fields. As far as 
the field space, the lattice action and the classical field equations are concerned, 
the projection to the left-handed fields is completely consistent in this case, since it 
derives from an underlying exact symmetry. 

When we now try to quantize this theory through the functional integral, the 
principal difficulty is that there is a non-trivial phase ambiguity in the fermion 
integration measure. The problem is related to the gauge anomaly and will occupy 
us throughout this section. For simplicity we shall focus on the construction of the 
measure in perturbation theory and shall ignore all complications that have to do 
with non-perturbative effects such as the global anomalies [6-8]. 



^{75} = -a^Yl tr{75a-D(x,x)} 



X 




(5.23) 
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Before plunging into the details, it is worth mentioning that the fifth dimension 
has completely disappeared at this point. We could in fact start from any gauge- 
covariant lattice Dirac operator that satisfies the Ginsparg-Wilson relation and a 
few technical conditions (locality, absence of unphysical poles, etc.). The operator 
(5.11) has all these properties, and also the "perfect" Dirac operator [17,84,85], 
which derives from the block-spin renormalization group transformations studied 
previously by Ginsparg and Wilson in their famous work [57] . 

6.1 Functional integral 

As usual the basic quantities to be considered in the quantized theory are correlation 
functions (0i(xi) . . . <^n{xn)) of gauge-invariant local fields. Formally they are given 
by the functional integral 

{4>l{xi) . . . (pn{Xn)) = 

i J B[U] J D[V']leftD[V^]ieft Mxi) ■ ■ ■ 0n(Xn)e-^°[^l-^-[^'^'^], (6.1) 

where D[C/] denotes the standard integration measure for lattice gauge fields and 
the normalization constant Z is defined through the requirement that (1) = 1. 

Since the measure D[U] and the gauge- field action 6*0 [^^] will not concern us here, 
there is no need to specify them explicitly. It suffices to know that they are locally 
defined and that they preserve the gauge and the lattice symmetries [76,77]. The 
fermion action (5.20) is also local and invariant so that a problem (if any) can only 
arise from the integration measures D[^]ieft and D['0]ieft. 

Let us now have a closer look at the fermion measure. In terms of an orthonormal 
basis Vj{x) of left-handed Dirac fields, the fermion field may be written as 

V'(^) = E^i(^)^^- (6.2) 

j 

The coefficients cj in this expansion represent the independent degrees of freedom 
of the field, and a possible fermion measure is thus given by 

D[V']ieft = ndCj- (6-3) 

j 

There is in fact not much choice here, since the coefficients Cj are the generators of 
a Grassmann algebra (we are dealing with fermions). The integration measure on 
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Space of all Dirac fields 




Fig. 6. The projector P_ maps the space of all lattice Dirac fields to the subspace of 
left-handed fields. Since the projector involves the lattice Dirac operator D, the sub- 
space changes when the gauge field is varied. 

any such algebra is unique up to a complex proportionality factor. In particular, if 
we pass to a different orthonormal basis, 

= E^'(^) ' ^j = J2 (6.4) 

I I 

the measure changes by the factor det Q, which is a pure phase factor since the 
transformation matrix Q is unitary. 

The antifermion measure D['(/']ieft is defined in the same way, using a basis Vk{x) 
of left-handed fields. An important difference is that the basis can be taken to be 
independent of the gauge field, while this is not possible in the fermion case, because 
the subspace of left-handed fermion fields moves with the gauge field (see fig. 6). As 
a result the fermion measure and the partition function 

e-Se«[c/] = J D[^]ieftD[V^]iefte-^-[^'^''^l (6.5) 

have a gauge-field dependent phase ambiguity. Evidently, the phase matters in the 
functional integral (6.1), and the theory hence remains incompletely specified at the 
quantum level until the ambiguity in the measure has been fixed. 

Apart from this the structure of the theory has now been completely clarified. In 
particular, since the integral over the fermion and antifermion fields is gaussian, the 



28 



fermion correlation functions are given by 



D [V'] left D[V'] left 1p{xi) . . . 'tp{Xn)lp{yi) . . . 'tp{yn) 6 



-Sf[C/,V,V1 = 



e X {sum of Wick contractions} . 



(6.6) 



The only non-zero two-point contraction is 



il){x)il){y) = P-S{x,y)P. 



(6.7) 



where S{x, y) denotes the Green function of the lattice Dirac operator in the presence 
of the gauge field. The fermion integral thus yields the expected result for the chiral 
propagator (cf. subsect. 5.2). 

6.2 Locality 

The phase of the fermion measure should obviously be such that the locality prop- 
erties and the symmetries of the theory are preserved. This requirement turns out 
to be very strong, and it can be shown to determine the phase up to irrelevant local 
terms (i.e. up to the usual discretization ambiguities) [33-37]. Of course, we may 
be unable to choose the phase in this way, but it is surely reasonable to try to get 
there. 

We now need to say what locality precisely means in the present context. Direc- 
tional derivatives in field space are going to play an important role in this discussion, 
and we thus introduce these first. So let 



be a smooth one-parameter family of lattice gauge fields (see fig. 7). We can think 
of Ut as a curve in field space, and if F\U\ is any given functional, its rate of change 
along the curve at the point Uo = U \s 



The differential operator 5^ , which is defined through this equation, may be regarded 
as a derivative in the direction of the tangential vector r/^(x). It is analogous to the 
derivative 



C/t(x,M) = e*'^^''Wf/(x,/x), 77^(x) = <(x)^^ 



(6.8) 




(6.9) 




(6.10) 
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Fig. 7. Equation (6.8) describes a curve in the space of all lattice gauge fields, with 
curve parameter t and tangential vector ri^{x) at t = 0. 

in the continuum theory and in fact converges to this operator in the continuum 
limit. 

The derivative of the effective action, Sj^Sef[[U], can be worked out by applying 
on both sides of eq. (6.5). Note that the fermion field in the integral is to be 
replaced by the expansion (6.2). The fermion action then depends on the gauge field 
not only through the Dirac operator but also through the basis vectors Vj{x). As a 
result the calculation yields two terms, 

SnS^s = -Ti{6^dP-D-^P+} + (6.11) 



^ri = i^ivj,5nVj), (6.12) 
j 

of which the second characterizes the chosen measure and is hence referred to as the 
measure term. It depends linearly on the direction ri^{x), i.e. there exists a current 
{x) such that 

^. = «'E<(^)^m(^)- (6-13) 

X 

At this point little is known about this current, except that it is a well-defined 
function of the gauge field for any given choice of the fermion measure. 

If we temporarily consider the gauge field to be an external classical field, eq. (6.11) 
may be interpreted as the response of the fermion sector to a change of the field. The 
current j^{x) then appears on the right-hand side of the semiclassical field equations, 
together with the other term, 

-Tr{6r,Dp_D-^P+} = ^ {i^{x)6r,Di;{x))p, (6.14) 

X 

which can be written as a fermion expectation value of a local operator. A char- 
acteristic property of local theories is that the field equations are linear relations 
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between local operator insertions. We are thus led to require that the current j^{x) 
should be a local expression in the gauge field. The measure term in eq. (6.11) then 
assumes the form of a local counterterm and the theory is only minimally affected 
by the gauge-field dependence of the fermion measure. 

6.3 Gauge invariance 

The gauge transformation behaviour of the effective action can be studied by com- 
puting its variation along the gauge directions in field space. Prom the transforma- 
tion law (3.10) it follows that these directions are given by 

ri^{x) = -V^a;(x), u;{x) = a;«(x)r«, (6.15) 

where lo°'{x) is an arbitrary lattice field, transforming according to the adjoint repre- 
sentation of the gauge group, and the appropriate covariant difference operator 
(cf. subsect. 3.3). 

The gauge variation of the effective action may now be worked out by inserting 
eq. (6.15) in eq. (6.11). Using the gauge covariance of the Dirac operator, a few lines 
of algebra then lead to the result 

Sr,S,s = ia^^ u;"(x){[V*jJ"(a;) - A''{x)}, (6.16) 

X 

A^ix) = iiatr{i?(T")75L>(x,x)}. (6.17) 

Since the kernel D{x, y) of the Dirac operator depends locally on the gauge field [21], 
it is obvious that A"'{x) is a gauge-covariant local composite field. In the continuum 
limit we have [22-27,35] 

A^ix) - Y^rfrWc.^M^(^)^;<^(^) + 0(«)' (6-18) 

and A"'{x) may hence be regarded as a lattice representation of the so-called covari- 
ant gauge anomaly [1,2]. 

To ensure the gauge invariance of the effective action (and consequently of the full 
theory), the right-hand side of eq. (6.16) must vanish for all gauge variations. The 
fermion measure should hence be such that the associated current j^{x) satisfies 

[V*j^]«(a;)=^«(x). (6.19) 

Since the anomaly is a local field, this is consistent with the requirement of locality, 
although there is obviously no guarantee that both conditions can be met. 
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6-4 Integrability condition 

Apart from locality and gauge invar iance, there is a further constraint on the current 
that derives from the fact that eq. (6.11) must be integrable. In other words, 
if the equation is integrated along any smooth path Ut in field space, the integral 
should only depend on the initial and final field configurations, but not on the shape 
of the curve. This will be the case if and only if the curl in field space of the 
right-hand side of eq. (6.11) vanishes. 

Using the identities (5.6), this leads to the equation 



where the commutator of the two vector fields r]'j^{x) and C^{x) is to be taken point- 
wise. Note that the right-hand side of cq. (6.20) is a known local function of these 
fields and the gauge field, while the other side involves the measure term only. The 
integrability condition thus has the form of an inhomogeneous partial differential 
equation in field space for the current (x) . 

So far the fermion measure has been taken as the primary quantity from which the 
associated current is obtained. We can now invert this relationship since any given 
current that satisfies the integrability condition arises from an underlying fermion 
measure [35]. In other words, to complete the construction of the theory, it suffices 
to find a current j^{x) that (a) is a local expression in the gauge field, (b) fulfils the 
requirement of gauge invariance, eq. (6.19), and (c) solves the integrability condition 
(6.20). This does not look like an easy task, but the problem is in fact much more 
accessible than it seems to be, at least in perturbation theory. 

6. 5 Construction of the fermion measure in perturbation theory 

The perturbation expansion of the functional integral (6.1) around the vacuum con- 
figuration U{x, n) = 1 is obtained essentially as in lattice QCD. An explicit specifi- 
cation of the fermion measure is not required if we first integrate over the fermion 
fields using eqs. (6. 6), (6. 7). The integral then assumes the form 



As usual the gauge needs to be fixed and the lattice field U{x,ijl) is parametrized 
through a gauge potential A"^{x) according to eq. (3.13). After rescaling 



6r,&i - S^^r, + a£[^,c] = i Tl{P_[6r,P-,SiP.]}, 



(6.20) 



(^l(a;i) . . . (pniXn)) = ^[U] {(Plixi) ■ ■ ■ 4'n{Xn))pe 




-Saim-SeHiU] 



(6.21) 



A;{x) goA^ix) 



(6.22) 
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(where go denotes the bare gauge coupUng), the perturbation series is obtained by 
expanding the integrand in eq. (6.21) in powers of 50- 

The only really new element here is the measure term, which [via eq. (6.11)] contri- 
butes to the expansion of the effective action. In perturbation theory the associated 
current is given by 

°° n 

jMW = Efr"'" ^ lW(x,xi,...,x„)^"^v;;."m:^mU^i)---^ (6-23) 

n=0 ' xi,...,x„ 

and we are now left with the problem of determining the coefficients L^"'^ so that 
the conditions listed above are satisfied. The expansion of the effective action can 
then be worked out straightforwardly by repeated differentiation of eq. (6.11) with 
respect to the gauge potential. 

It may be useful at this point to briefly state what the conditions (a) --(c) mean in 
terms of the coefficients L^^^K To fulfil the requirement of locality, the coefficients 
must be translation-invariant and exponentially decreasing if any of the distances 
\\xk — x\\ becomes larger than a few lattice spacings. The other conditions both turn 
into towers of inhomogeneous linear equations for the coefficients once the anomalous 
conservation law (6.19) and the integrability condition (6.20) are expanded in powers 
of the gauge potential. Although this rapidly becomes very tedious, it is possible 
to work out the right-hand sides of these equations explicitly by expressing them 
through the kernel D(x, y) of the Dirac operator and expanding the latter following 
refs. [22,37,86-89]. 

It is surely far from obvious that all these equations can be solved, but it turns out 
that a solution can be constructed through a purely algebraic recursive procedure 
[37] . As a result we have the following 

Theorem. If the fermion representation R is anomaly-free, there exist lattice func- 
tions L(") such that 

(1) j^{x) satisRes conditions (a)-(c) to all orders of go, 

(2) L(") = for n < 3, 

(3) Im Seff transforms like a pscudoscalar under the lattice symmetries. 

While there is more than one solution with these properties, the difference between 
any two of them amounts to a change of the effective action by a term of the form 

AS,s[U]=a^^n{x), (6.24) 

X 
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where 0,{x) is a gauge-invariant, pseudoscalar local field of dimension greater than 
or equal to 5. For dimensional reasons, fi{x) must be proportional to a positive 
power of the lattice spacing, and up to finite renormalizations such differences are 
hence not expected to have any influence on the theory in the continuum limit. 

At this point the lattice theory has been completely specified, to all orders of 
the gauge coupling. The fact that we have been able to meet all conditions on the 
fermion measure shows that anomaly-free chiral gauge theories can be consistently 
regularized without breaking the gauge symmetry. While the construction of this re- 
gularization is obviously non-trivial, it should be emphasized that no computation of 
Feynman diagrams was required. The equations that had to be solved are explicitly 
given and involve local expressions only. 

6.6 Anomaly cancellation & cohomology 

The demonstration of the exact cancellation of the gauge anomaly on the lattice is 
perhaps the most difficult step in the proof of the theorem quoted above. We shall 
not attempt to describe this in any detail, but a quick look at the problem and its 

solution in the abelian case may be illuminating. 

So let us consider a U(l) theory with fermion representation (2.16). Since there 
is only one group generator, the anomaly (6.17) has no index and is given by 

A{x) = ^iati{R'y5D{x,x)}, i? = i x diag(ei, . . . , eAr). (6.25) 

In the present context we may assume that A{x) is expanded in powers of the gauge 
potential A^(x) similarly to the current j^(x) [eq. (6.23)]. From eq. (6.25) we then 
infer that the associated coefficients are local and that the series is invariant under 
arbitrary gauge transformations 



for any local variation 6Afj_{x) of the gauge potential. To prove this we note that the 
left-hand side of eq. (6.27) is proportional to Th:{R6%}. We then insert (75)^ = 1 
and cycle one of the factors 75 around the trace using 



(6.26) 



(where 9^ denotes the forward difference operator). 
A less obvious property of the anomaly is that 




(6.27) 



X 



{75,(^75} = 0, 



[75, i?] =0. 



(6.28) 
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As a result the trace is reproduced with the opposite sign and it must hence be equal 
to zero. 

Equation (6.27) says that the abelian anomaly is a local topological field, i.e. it has 
all the characteristic properties of a topological density. Modulo divergence terms 
(which are topologically uninteresting) there are usually not many fields of this 
type, and the form of the anomaly is thus strongly constrained. The classification 
of topological fields is a particular case of a local cohomology problem, a subject 
that has received a lot of attention in continuum field theory. In particular, using 
the descent equations [39-43], a general theorem has been established which states 
that, in pure gauge theories with any gauge group, the Chern monomials are the 
only non-trivial topological fields [90,91]. 

On the lattice, a similar classification theorem holds for U(l) theories [30,31]. Any 
topological field q{x) can be shown to be of the form 

q{x) = cix) + d*ki,{x) (6.29) 

in this case, where kfj,{x) is a gauge-invariant local current and 

c{x) = a + Pi^uFi^u{x) + iefj_^p„Ffj_^{x)Fp„{x + ajl + av), (6.30) 

F^.{x) = d^A,{:x) - d,A^{x), (6.31) 

the general Chern polynomial on the lattice |. The proof of the theorem is construc- 
tive in the sense that the coefficients of the current kp_{x) are obtained algebraically 
in terms of the coefficients of q{x). 

In the case of the anomaly, the constants a and (i^j^i, must vanish, because A{x) 
transforms like a pseudoscalar field under the lattice symmetries. Concerning the 
constant 7 we note that the anomaly is a sum of terms, one for each fermion flavour. 
Since the field tensor scales with the charge and since there is another power of the 
charge coming from the representation matrix R in eq. (6.25), we have 

N 

7 0c^e3. (6.32) 

a=l 



\ In the last term in eq. (6.30) the coordinate shift is required to ensure that c{x) is topological. 
Its presence can be traced back to the fact that the difference operators and obey a modified 
Leibniz rule [31]. 
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left-handed 
modes 



right-handed 
modes 



X 





s = 



s = L 



Fig. 8. At low energies, massive fermions in a five-dimensional volume with two 
boundaries reduce to left- and right-handed fermions in four dimensions that couple 
to the gauge field in the vicinity of the boundaries. 

The topologically non-trivial part of the anomaly thus cancels if the fermion repre- 
sentation is anomaly- free, and the condition for exact gauge invariance, eq. (6.19), 
then reduces to 



Although more work is required to actually show this [33,37], it should now be quite 
plausible that a current can be found that satisfies this equation and all the 

other conditions. At least the topological obstruction represented by the anomaly 
has completely disappeared at this stage. 

6.7 Epilogue 

In order to bring out the basic ideas as clearly as possible, many technical issues have 
been left aside in this section and the presentation has often been rather abbreviated. 
A much more detailed description of the formulation of chiral lattice gauge theories 
in perturbation theory, to the extent that explicit computations could start from 
there, can be found in ref. [37]. 

At the non-perturbative level a general construction of the fermion measure is 
still missing. The principal difficulties arc that there can be global obstructions and 
that the local constraints are less accessible if the equations may not be expanded 
in powers of the gauge potential [35]. Currently all these mathematical problems 
have been completely solved only for abelian gauge groups [33] . 

In these lectures we made a long excursion to five dimensions, which led us to the 
Ginsparg- Wilson relation and a new realization of chiral symmetry. This proved to 
be the key to the construction of chiral lattice gauge theories in four dimensions. 



(6.33) 
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The question may now be asked whether chiral gauge theories can also be obtained 
directly from a field theory in five (or more) dimensions. We might consider a five- 
dimensional volume with two boundaries, for example, and couple an s-dcpcndcnt 
gauge field U{x, s, ji) to a massive Dirac field (see fig. 8). There are massless fermion 
modes with both chiralities in this case, which interact with the gauge field in the 
vicinity of the boundaries. So if we impose the boundary conditions 

Uix,s,n)\^^(^ = U{x,i^), U{x,s,i^)\^^^ = l, (6.34) 

the right-handed modes are expected to decouple for large wall separations L, while 
the left-handed modes couple to the physical gauge field U{x,fx) only. 

This is in fact what happens if the gauge field is treated as an external classical 
field and if the fermion representation is anomaly- free [50-56]. For several reasons 
it remains unclear, however, whether a positive answer to the question posed above 
can be given along these lines. The main problem at present is that the gauge field 
in the bulk of the five-dimensional volume needs to be decoupled from the physical 
field at the boundary, and there seems to be no natural way to achieve this. 
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